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Abstract
We study families of two dimensional quantum field theories, labeled by a
dimensionful parameter µ, that contain a holomorphic conserved U(1) current
J(z). We assume that these theories can be consistently defined on a torus, so
their partition sum, with a chemical potential for the charge that couples to J ,
is modular covariant. We further require that in these theories, the energy of a
state at finite µ is a function only of µ, and of the energy, momentum and charge
of the corresponding state at µ = 0, where the theory becomes conformal. We
show that under these conditions, the torus partition sum of the theory at µ = 0
uniquely determines the partition sum (and thus the spectrum) of the perturbed
theory, to all orders in µ, to be that of a µJT¯ deformed conformal field theory
(CFT). We derive a flow equation for the JT¯ deformed partition sum, and use it
to study non-perturbative effects. We find non-perturbative ambiguities for any
non-zero value of µ, and comment on their possible relations to holography.
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1 Introduction
In a recent paper [1], we obtained the torus partition sum of a tT T¯ deformed CFT1 from
modular invariance, with some qualitative assumptions about the spectrum of the theory.
More precisely, we considered a theory with a single scale, associated with a dimensionful
coupling t, and assumed that the energies of states in that theory, when formulated on a circle
of radius R, depend only2 on t and on the energies and momenta of the corresponding states
in the undeformed theory. We showed that, under these assumptions, the torus partition
sum of the theory is uniquely determined to all orders in t, to be that of the tT T¯ deformation
of the theory with t = 0.
Non-perturbative contributions to the partition sum, which are due to states whose
energies diverge in the limit t → 0, were found to be compatible with modular invariance
and finiteness of the partition sum in the limit of zero coupling only for a particular sign
1See e.g. [2–24] for other works.
2Here we mean dimensionless energies, momenta and coupling, all measured in units of the radius of the
circle, R.
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of the coupling.3 We discussed possible relations between these field theoretic results and
holography.
In this note, we generalize the analysis of [1] to the case of a JT¯ deformed CFT. This
system was originally discussed in [25] and the spectrum was obtained in [26] (see also [27, 28]
for other works on this subject). As we will see, the techniques of [1] provide a powerful
approach for studying this theory. In particular, we will be able to rederive and extend the
results of [26] using this perspective.
Before turning on the deformation, the current J is holomorphic, i.e. it satisfies ∂¯J = 0,
as is standard in CFT. As emphasized in [26], the µJT¯ deformation is essentially defined by
the requirement that it preserves this property at arbitrary coupling µ, despite the fact that
the full theory is no longer conformal. We will assume in our analysis that this property
holds in the theories we discuss.
Usually, in two dimensional field theory, the presence of a holomorphic current means
that the theory has an essentially decoupled conformal sector (see e.g. [29]). This does not
seem to be the case here, probably because the theory is non-local (in the sense that its UV
behavior is not governed by a fixed point of the renormalization group). This issue deserves
further study.
As in [1], we assume that our theory has a single dimensionful coupling µ. The focus of
our discussion is going to be the partition sum of the theory,
Z(τ, τ¯ , ν|µ̂) =
∑
n
e2piiτ1RPn−2piτ2REn+2piiνQn , (1.1)
where µ̂ is the dimensionless coupling, µ̂ ∼ µ/R, and the sum runs over the eigenstates of
the Hamiltonian, the momentum operator P , and the charge operator Q. One can think of
(1.1) as the partition sum of the theory on a torus with modulus τ = τ1+ iτ2, in the presence
of a chemical potential ν that couples to the conserved current J .
At µ̂ = 0, (1.1) becomes the torus partition sum of a CFT with non-zero chemical
potential. It is modular covariant,
Z0
(
aτ + b
cτ + d
,
aτ¯ + b
cτ¯ + d
,
ν
cτ + d
)
= exp
(
piikcν2
cτ + d
)
Z0(τ, τ¯ , ν), (1.2)
with a, b, c, d ∈ Z and ad− bc = 1. Here k is the level of the U(1) affine Lie algebra,
[Jm, Jn] = km δm+n,0 . (1.3)
3For this sign, the perturbative spectrum contains states whose energies become complex in the deformed
theory, which leads to problems with unitarity.
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Note that (1.2) implies that the chemical potential ν transforms as a modular form of weight
(−1, 0). This is due to the fact that it couples to a holomorphic current of dimension (1, 0)
(see e.g. [30, § 3.1] for a discussion).
As mentioned above, a key observation of [26] was that the current J remains holomorphic
in the JT¯ deformed theory as well. Motivated by this, we assume that the partition sum
(1.1) of our theory satisfies a similar modular covariance property,
Z
(
aτ + b
cτ + d
,
aτ¯ + b
cτ¯ + d
,
ν
cτ + d
∣∣∣∣ µ̂cτ¯ + d
)
= exp
(
ipikcν2
cτ + d
)
Z(τ, τ¯ , ν|µ̂). (1.4)
The transformation of the (dimensionless) coupling µ̂ follows from the fact that we assume
that it couples in the action to an operator that in the undeformed theory has dimension
(1, 2)4. The transformation of ν is a consequence of the holomorphy of the current J ,
associated with the charge Q that ν couples to (the discussion of [30] can be extended
to this case). Note that in our analysis we take this current to be normalized as in (1.3) for
all µ̂. This choice is reflected in the factor of k in the exponential on the right-hand side of
(1.4). It provides the normalization of the charges in (1.1), which will play an important role
in our discussion.
Following the logic of [1], we now ask the following question. Suppose we are given a
theory with a single scale, set by a dimensionful coupling µ, and a current J(z) that is
holomorphic throughout the RG flow. Using the fact that the theory on a torus is modular
covariant, (1.4), and assuming that the energies En and charges Qn in (1.1) depend only on
µ̂ and on the values of the energy, momentum and charge of the corresponding states in the
undeformed (conformal) theory, what can we say about the theory?
We will see that, like in [1], the above requirements fix the partition sum (1.1) uniquely
to be that of a µJT¯ deformed CFT to all orders in µ̂. Thus, a JT¯ deformed CFT is the
unique theory with these general properties.
In the process of proving that, we will derive equations that govern the flow of energies
and charges as a function of the coupling µ̂. These equations generalize the inviscid Burgers’
equation that describes the flow of the energies in a T T¯ deformed CFT [3, 4]. We will also
discuss the theory non-perturbatively in µ̂ for the JT¯ case5, by using a differential equation
4Notice that for tTT deformation, the dimensionful coupling t does not change under modular transfor-
mation. Here the dimensionful coupling µ = µ̂R transforms non-trivially under modular transformation.
This difference is due to the fact that µ is not a scalar but has non-zero spin.
5Note that if we assume that the theory exists at finite µ̂ and not just in perturbation theory, then this
theory seems to be non-local, similar to T T¯ -deformed theories. In our analysis we do not assume locality,
but only the existence of well-defined energy levels of the theory on a circle. This implies that the torus
partition sum is well-defined and modular-covariant (for finite µ̂), without needing to assume locality, and
(1.4) follows.
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for the partition sum that generalizes the one used in [13, 19], and discuss relations to
holography.
The plan of this paper is the following. In section 2 we generalize the discussion of [1] to
a theory with a holomorphic U(1) current. We show that modular covariance (1.4), and the
qualitative assumption about the spectrum mentioned above, determine the partition sum
of the model uniquely to be that of a µJT¯ deformed CFT, to all orders in the coupling µ̂. In
particular, we obtain a recursion relation, (2.16), satisfied by the partition sum.
In section 3 we show that the recursion relation (2.16) leads to a flow equation for the
partition sum, (3.1), from which one can derive flow equations for the energies and charges of
states with the coupling, (3.4), (3.6), whose solutions agree with the spectrum found in [26].
We also study the solutions of (3.1) non-perturbatively in µ̂ and discuss some ambiguities
that we find.
In section 4 we discuss two examples of our construction – charged free bosons and
fermions. We comment on our results and their relation to holography in section 5. Two
appendices contain results and details that are used in the main text.
2 Spectrum from modular covariance
In this section, we use modular covariance (1.4), and the qualitative assumption about the
spectrum described in the previous section, to uniquely fix the partition sum to all orders in
µ̂.
We start with the torus partition sum of the theory with µ̂ = 0, a CFT with a U(1)
current J , and a chemical potential ν for the corresponding charge,
Z0(τ, τ¯ , ν) = Tr
[
e2piiτ(L0−
c
24
)−2piiτ¯(L¯0−
c
24
)+2piiνJ0
]
=
∑
n
e2piiτ1RPn−2piτ2REn+2piiνQn , (2.1)
where Pn, En and Qn are the momentum, energy and charge of the state |n〉 on a circle of
radius R. They are related to the eigenvalues of L0, L¯0 and J0 by(
L0 − L¯0
) |n〉 = RPn|n〉, (L0 + L¯0 − c
12
)
|n〉 = REn|n〉, J0|n〉 = Qn|n〉. (2.2)
The partition sum (2.1) satisfies the modular covariance property (1.2), which is essentially
the statement that the theory can be consistently formulated on a torus.
We now consider a deformation of the CFT, under which the states |n〉0 are deformed to
|n〉µ̂, and the quantities in (2.2) become
Pn 7→ Pn, En 7→ E(En, Pn, Qn, µ̂), Qn 7→ Q(En, Pn, Qn, µ̂), (2.3)
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where µ̂ is a dimensionless parameter, which can be thought of as the value of the dimensionful
coupling µ at the scale R. The deformation is universal in the sense that the deformed energy
and charge of the state |n〉µ̂ only depend on the values of (Pn, En, Qn) of the undeformed
state |n〉0.
To evaluate the deformed torus partition sum (1.1), we follow [1] and assume that the
quantities in (2.3) allow regular Taylor expansions in µ̂
En = E(En, Pn, Qn, µ̂) =
∞∑
k=0
E(k)n µ̂
k = E(0)n + E
(1)
n µ̂+ E
(2)
n µ̂
2 + · · · , (2.4)
Qn = Q(En, Pn, Qn, µ̂) =
∞∑
k=0
Q(k)n µ̂
k = Q(0)n +Q
(1)
n µ̂+Q
(2)
n µ̂
2 + · · · ,
where E
(0)
n = En and Q
(0)
n = Qn, and E
(k)
n , Q
(k)
n are functions of (En, Pn, Qn) that need to be
determined.
Plugging (2.4) into (1.1), we find the Taylor expansion of the deformed partition sum,
Z(τ, τ¯ , ν|µ̂) =
∞∑
p=0
Zpµ̂
p = Z0 + Z1µ̂+ Z2µ̂
2 + · · · . (2.5)
Modular covariance of the deformed partition sum, (1.4), implies that Zp transforms as a
non-holomorphic Jacobi form of weight (0, p) and holomorphic index k,
Zp
(
aτ + b
cτ + d
,
aτ¯ + b
cτ¯ + d
,
ν
cτ + b
)
= (cτ¯ + d)p exp
(
ipikcν2
cτ + d
)
Zp(τ, τ¯ , ν). (2.6)
The first few orders in the µ̂ expansion are given by
Zp =
∑
n
f (p)n e
2piiτ1RPn−2piτ2REn+2piiνQn , (2.7)
where
f (1)n = (−2piRE(1)n )τ2 + 2ipiνQ(1)n , (2.8)
f (2)n =
1
2!
(−2piRE(1)n )2 τ 22 − 2piR [E(2)n + 2ipiνE(1)n Q(1)n ] τ2 − 2 [pi2ν2(Q(1)n )2 − ipiνQ(2)n ] ,
f (3)n =
1
3!
(−2piRE(1)n )3 τ 32 + 4pi2R2 [E(1)n E(2)n + ipiν(E(1)n )2Q(1)n ] τ 22
+
[
2Rpi2ν2E(1)n (Q
(1)
n )
2 − 2piiRν(E(1)n Q(2)n + E(2)n Q(1)n )− 2piRE(3)n
]
τ2
− 4
3
ipi3ν3(Q(1)n )
3 − 4pi2ν2Q(1)n Q(2)n + 2piiνQ(3)n .
As in [1], we can write Zp as a differential operator in τ , ν acting on Z0, by replacing
E
(k)
n (En, Pn, Qn), Q
(k)
n (En, Pn, Qn) in (2.8) by differential operators, using the replacement
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rules
En 7→ − 1
2piR
∂τ2 , Pn 7→
1
2piiR
∂τ1 , Qn 7→
1
2pii
∂ν . (2.9)
This leads to a double expansion of Zp in powers of τ2 and ν,
Zp =
∑
l,m
τ l2ν
mO(p)lm (∂τ , ∂τ¯ , ∂ν)Z0, (2.10)
where the sum runs over the range l, m = 0, 1, · · · , p; 0 < l +m ≤ p.
As is clear from the expansion (1.1), (2.4), the differential operators O(p)lm (∂τ , ∂τ¯ , ∂ν) with
given p are only sensitive to the energy and charge shifts E
(k)
n , Q
(k)
n with k = 1, 2, · · · , p.
Conversely, if we know all O(p)lm with given p, we can determine all the energy and charge
shifts with k ≤ p by using (2.7) – (2.10).
We can use the expansion (2.10) to prove that if Z1, · · · , Zp have been determined, Zp+1
can be determined as well. As in [1], we start by considering the first step in this process.
Equation (2.10) (with p = 1) takes in this case the form
Z1 =
(
τ2Ô
(1)
1,0(∂τ , ∂τ¯ , ∂ν) + νÔ
(1)
0,1(∂τ , ∂τ¯ , ∂ν)
)
Z0. (2.11)
We are looking for differential operators Ô
(1)
1,0, Ô
(1)
0,1, for which Z1 transforms as a Jacobi form
of weight (0, 1) and index k, for any Z0 of weight (0, 0) and index k. To find them, one can
proceed as follows.
In [1, 19], we used the modular covariant derivative operators
D(r)τ ≡ ∂τ −
ir
2τ2
, D
(r¯)
τ¯ ≡ ∂τ¯ +
ir¯
2τ2
. (2.12)
These operators have the following properties. Acting with D(r)τ on a modular form of weight
(r, r¯) gives a modular form of weight (r+ 2, r¯). Similarly, D
(r¯)
τ¯ increases the weight of such a
modular form to (r, r¯ + 2).6
In our case, it is useful to introduce another covariant derivative, with respect to ν,
Dν ≡ ∂ν + pikν
τ2
. (2.13)
Acting with Dν on a Jacobi form of weight (r, r¯) and index k gives a Jacobi form of weight
(r + 1, r¯) and index k (see appendixA for more details).
6Acting with D
(r¯)
τ¯
on a Jacobi form of weight (r, r¯) and holomorphic index k gives a Jacobi form of weight
(r, r¯+2) with the same index. On the other hand, acting with D(r)
τ
on a Jacobi form with holomorphic index
k 6= 0 does not give a Jacobi form.
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Using the covariant derivatives in (2.12), (2.13), it is straightforward to find a combination
of the form (2.11) that has the correct modular transformation properties,
Z1 = ατ2Dν∂τ¯Z0. (2.14)
Here α is a constant that can be absorbed in the definition of µ̂; we will set it to one below.
It is not hard to check that (2.14) is the unique object of the form (2.11) with the correct
modular transformation properties.
We are now ready to move on to the general induction step. We assume that Z1, · · · , Zp
(with p ≥ 1) have been determined, and want to show that Zp+1 can be determined as well.
We saw before that from the form of Z1, · · · , Zp we can read off the energy and charge
shifts E
(k)
n , Q
(k)
n with k = 1, 2, · · · , p. Consider now the expansion (2.10) of Zp+1. Most of the
terms in that expansion involve the energy and charge shifts with k ≤ p, which are assumed
to be already known. There are only two terms in the sum, corresponding to (l, m) = (1, 0)
and (0, 1), that involve the unknowns E
(p+1)
n , Q
(p+1)
n .
To show that there is no more than one solution for the expansion (2.10), suppose there
were two different ones. Subtracting them, and using the fact that most terms in the
expansion (2.10) cancel between the two, we find that there must exist differential operators
δÔ
(p+1)
1,0 (∂τ , ∂τ¯ , ∂ν), δÔ
(p+1)
0,1 (∂τ , ∂τ¯ , ∂ν), such that(
τ2 δÔ
(p+1)
1,0 (∂τ , ∂τ¯ , ∂ν) + ν δÔ
(p+1)
0,1 (∂τ , ∂τ¯ , ∂ν)
)
Z0 (2.15)
is a Jacobi form of weight (0, p+1) and index k, for any Z0 which is a Jacobi form of weight
(0,0) and index k. The fact that such differential operators do not exist (for p > 0) can be
proven by using the properties of the covariant derivatives (2.12), (2.13), in a similar way to
the proof for the T T¯ case in [1], and we will not repeat it here.
So far, we have proved that if a Zp with the right properties exists, it is unique. In order
to prove existence, one can again proceed as in the T T¯ case [1]. There, it followed from a
recursion relation that gave Zp+1 in terms of Zp. It is natural to seek a similar recursion
relation in our case. It turns out that such a relation exists, but it is more complicated. In
particular, it relates Zp to all Zj with 0 ≤ j < p. It takes the form
Zp =
τ2
p
[
DνD
(p−1)
τ¯ −
ipikν(p− 1)
2τ 22
]
Zp−1 − ipik
2p
p−2∑
j=0
(
piνk
2iτ2
)j
D
(p−j−2)
τ¯ Zp−j−2 . (2.16)
One way to arrive at this recursion relation is to start with the known spectrum of the
theory [26], plug it into the partition sum (1.1), and expand in µ̂. Alternatively, Zp can
be determined order by order by taking an ansatz consisting of terms with the appropriate
modular properties and demanding it has the general form (2.10). The structure of this
expansion at low p is discussed in appendix B.
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In the next section we will prove that (2.16) indeed provides a solution of (2.10) for all p,
which establishes that under the assumptions we described above, the partition sum (1.1) is
uniquely determined to all orders in µ̂.
Our discussion of uniqueness in this section started from the assumption that the coupling
µ has dimension (0,−1), i.e. that the corresponding perturbing operator has dimension (1, 2).
More generally, if µ has dimension (h, h¯), i.e. the corresponding perturbing operator has
dimension (1− h, 1− h¯), the dimensionless coupling µ̂ transforms under the modular group
as a form of weight (h, h¯), and Z1 transforms as a Jacobi form of weight −(h, h¯) and index k.
One can show that the form (2.11) is inconsistent with this transformation property, except
for the case h = 0, h¯ = −1 that was analyzed above.
3 Non-perturbative analysis
The recursion relation (2.16) can be phrased as a differential equation for the partition sum
(1.1). Namely, if the partition sum Z(τ, τ¯ , ν|µ̂) satisfies(
1 +
ipikµ̂ν
2τ2
)
∂µ̂Z = τ2DνDτ¯Z − ipikµ̂
2
1
1 + ipikµ̂ν
2τ2
Dτ¯Z, (3.1)
where (compare to (2.12))
Dτ¯ ≡ ∂τ¯ + i
2τ2
µ̂∂µ̂, (3.2)
then expanding this equation in a power series in µ̂ reproduces (2.16). For the T T¯ case,
the flow equation for the torus partition sum can also be derived from a description with
a dynamical metric [13, 16]. It would be interesting to derive (3.1) from a similar point of
view, by including a dynamical gauge field as well.
As in [1], although (3.1) was derived from a perturbative expansion in µ̂, we assume that
it holds non-perturbatively as well. Before turning to a discussion of the non-perturbative
effects implied by (3.1), we would like to point out that from this equation we can read off
a system of differential equations that describes the evolution of the energies and momenta
of states with the coupling µ̂. To do that, we plug the general expression for the partition
sum (1.1) into (3.1), and compare the coefficients of a given exponential on the left and right
hand sides. We also multiply by the factor (1 + ipikµ̂ν/(2τ2)) on both sides. The resulting
equation then takes the form
Y0 + Y1ν + Y2ν2 = 0. (3.3)
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Here, Yi are functions containing En(µ̂), Qn(µ̂), Pn and the derivatives E ′n(µ̂), Q′n(µ̂). Since
this should hold for all values of ν, we have Y0,1,2 = 0. The equations Y1−Y2 = 0 and Y2 = 0
respectively yield
E
′
n(µ̂) [1 + piµ̂Qn(µ̂)] = pi [Pn − En(µ̂)]Qn(µ̂), (3.4)
Q′n(µ̂) [1 + piµ̂Qn(µ̂)] =
pik
2
[Pn − En(µ̂)] ,
where En(µ̂) = REn(µ̂), and Pn = RPn is the quantized momentum. The equation Y0 = 0
gives rise to a equation which is consistent with the above two.
Dividing the two equations in (3.4), one finds that
kEn(µ̂)−Qn(µ̂)2 = independent of µ̂, (3.5)
which reproduces one of the results of [26].
Equations (3.4) can be expressed in a form that is closer to Burgers’ equation by writing
them in terms of the dimensionful µJT¯ coupling µ = µ̂R, and using the fact that the
dimensionless energies En depend only on the dimensionless coupling µ̂.
The resulting system of equations can be written as7
∂
∂µ
(En − Pn) = piQn ∂
∂R
(En − Pn), (3.6)
∂Qn
∂µ
= piQn∂Qn
∂R
− pik
2
(En − Pn).
The differential equation on the second line of (3.6) looks like the inviscid Burgers’ equation
with a time-dependent source, where the coupling µ plays the role of time. The dynamics of
this source is described by the first line of (3.6).
The solution of (3.6) with the boundary conditions En(0) = En and Qn(0) = Qn is given
by
E (+)n (µ̂) = −
2
pi2µ̂2kR
√
(1 + piQnµ̂)2 + pi2µ̂2kR(Pn − En) (3.7)
+
1
pi2µ̂2kR
(
2 + 2piQnµ̂+ pi
2µ̂2kPnR
)
,
Q(+)n (µ̂) =
1
piµ̂
√
(1 + piQnµ̂)2 + pi2µ̂2kR(Pn − En)− 1
piµ̂
,
where we took the positive branch of the square root, so that
lim
µ̂→0
E (+)n (µ̂) = En, lim
µ̂→0
Q(+)n (µ̂) = Qn. (3.8)
7To reproduce the equations given in [26], we need to make the replacement µ̂ = µ/(2piR).
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Plugging (3.7) into (1.1) gives a partition sum that has a regular Taylor expansion in µ̂, and
satisfies limµ̂→0Z(τ, τ¯ , ν|µ̂) = Z0(τ, τ¯ , ν) (2.1).
It is instructive to compare the spectrum of energies and momenta described by (3.7)
to that obtained in the tT T¯ case [3, 4]. There, the structure of the spectrum was different
for the two different signs of the coupling t. For positive t, the energies were real and the
asymptotic high energy density of states exhibited Hagedorn growth [6, 19]. For t < 0, states
with sufficiently high energy in the original CFT had the property that their energies became
complex in the deformed theory.
In the µJT¯ case, the spectrum (3.7) is the same for both signs8 of µ̂, which are related
by the symmetry J → −J . The spectrum has the qualitative structure of that with t < 0 in
the tT T¯ case. Beyond a certain maximal undeformed (right-moving) energy, that depends
on the charge, the deformed energy and charge become complex. As in the tT T¯ case, this
means that the theory is not unitary; the consequences of this remain to be understood.
It is also worthwhile to note that, as in the T T¯ case [19], the spectrum (3.7) contains a
protected subsector. States with En = Pn retain their CFT charges and energies in the JT¯
deformed theory. This is natural from the perspective of (3.4); it is related to the fact that
En − Pn is the charge that couples to T¯ , which appears in the interaction Lagrangian. If
the original CFT has a right-moving supersymmetry, states with En = Pn are right-moving
Ramond ground states, and the spectrum (3.7) implies that the elliptic genus with a chemical
potential for Q does not depend on µ̂.
Note also that the discussion of this section provides a proof of the statement that the
recursion relation (2.16) gives rise to a solution of (2.10) for all p. Indeed, this recursion
relation is equivalent to the flow equations (3.1) – (3.4), which give rise to the spectrum
(3.7). Plugging this spectrum into (1.1) gives Zp’s of the form (2.10).
We now move on to a discussion of non-perturbative contributions to the partition sum
that solves (3.1). As explained in [1], a simple way to investigate them is to consider the
contribution to the partition sum of states for which we take the negative branch of the
square root in (3.7). The two branches are related by
E (+)n + E (−)n =
2
pi2µ̂2kR
(
2 + 2piQnµ̂+ pi
2µ̂2kPnR
)
, (3.9)
Q(+)n +Q(−)n = −
2
piµ̂
.
8We take µ̂ to be real so that the Lagrangian of the theory is real in Lorentzian signature. This is related
to the fact that for complex µ̂, the energies and charges (3.7) are in general complex.
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While E (+)n , Q(+)n approach finite limits as µ̂→ 0, (3.8), E (−)n , Q(−)n diverge in this limit,
E (−)n (µ̂) ≃
4
pi2µ̂2kR
, Q(−)n (µ̂) ≃ −
2
piµ̂
. (3.10)
The fact that the energy E (−)n goes to +∞ in the limit, implies that states with these energies
give non-perturbative contributions to the partition sum, which satisfy the correct boundary
conditions limµ̂→0Z(τ, τ¯ , ν|µ̂) = Z0(τ, τ¯ , ν), as in the tT T¯ case with t < 0.
One way to find consistent non-perturbative contributions is then to assume that we have
some extra states in our theory labeled by n˜, whose energies and charges are given by E (−)n˜
and Q(−)n˜ (appearing in the partition sum (1.1)). These states can be the negative branch
energies and charges of some other JT¯ deformed CFT, that a priori need not have anything
to do with the one that gives the perturbative contributions discussed above.
We find
Znp =
∑
n˜
e2piiτ1RPn˜−2piτ2RE
(−)
n˜
+2piiνQ
(−)
n˜ (3.11)
= e
−
8τ2
pikµ̂2
− 4iν
µ̂
∑
n˜
e2piiτ1RPn˜+2piτ2RE
(+)
n˜
−2piiνQ
(+)
n˜
−8τ2Qn˜/µ̂−4piRτ2Pn˜ .
Using the relation
Qn =
piµ̂kR
2
(E (±)n (µ̂)− Pn)+Q(±)n (µ̂), (3.12)
satisfied by both branches of (3.7), we can rewrite (3.11) as
Znp = e
pikν˜2
2τ2
−pikν
2
2τ2
∑
n˜
e2piiτ1RPn˜−2piτ2RE
(+)
n˜
+2piiν˜Q
(+)
n˜ , (3.13)
where the shifted chemical potential is given by
ν˜ = −ν + 4iτ2
pikµ̂
. (3.14)
A few comments are in order here:
1. By construction, the partition sum (3.13) must be modular invariant (since the original
expression (3.11) is). This can be shown directly as follows. The prefactors in (3.13)
transform as
e
−pikν
2
2τ2 7→ e−pikν
2
2τ2 × e ickpiν
2
cτ+d , e
+pikν˜
2
2τ2 7→ e+pikν˜
2
2τ2 × e− icpikν˜
2
cτ+d . (3.15)
The partition sum on the right-hand side of (3.13) transforms as∑
n˜
e2piiτ1Pn˜−2piτ2RE
(+)
n˜ +2piiν˜Q
(+)
n˜ 7→ e ickpiν˜
2
cτ+d
∑
n˜
e2piiτ1Pn˜−2piτ2RE
(+)
n˜ +2piiν˜Q
(+)
n˜ . (3.16)
Combining these transformations, we see that Znp (3.13) indeed transforms as a Jacobi
form, (1.4).
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2. The fact that Znp is a non-perturbative contribution to the partition sum is due to the
behavior as µ̂→ 0 of the prefactor on the right-hand side of (3.13). The leading behavior
of the partition sum in this limit is Znp ∼ e−
8τ2
pikµ̂2 Z˜0, which is exponentially small for
both signs of µ̂, as expected. Thus, we see that the non-perturbative completion of the
partition sum of JT¯ deformed CFT has a similar ambiguity to that found in [1] for a
tT T¯ deformed CFT with negative t. This was perhaps to be expected, since already
the perturbative spectrum of the theory showed a similar structure (complex energies)
to that encountered in that case.
3. In the analysis of this section, the case ipikµ̂ν+2τ2 = 0 plays a special role. In particular,
eq. (3.1) degenerates in that case, and (3.14) takes the form ν˜ = ν. Furthermore, the
partition sum (1.1) in this case takes the form
Z = Tr
[
e2piiτ(L0−L¯0)+2piiνJ0
]
. (3.17)
The above trace is highly divergent, since there is no suppression of states with large
L0 + L¯0 and fixed L0 − L¯0. Thus, the result depends on the order in which the sum is
performed. It would be interesting to understand the physical interpretation of these
observations better.
4 Examples
In this section, we illustrate the discussion of the previous sections by considering two
examples, namely, the charged free boson and fermion.
4.1 Charged free boson
Consider the CFT of a scalar field X , living on a circle of radius R, X ∼ X + 2piR. We
take the holomorphic current J that figures in the discussion of the previous sections to be
J = i∂X . Taking X to be canonically normalized, 〈X(z)X(w)〉 = − log |z−w|2, corresponds
to setting the level k, (1.3), to one. The charge Q is in this case the left-moving momentum,
Q = pL.
The partition sum (2.1) takes the form
Z(τ, τ¯ , ν) = Tr
[
qL0−c/24q¯L¯0−c/24yJ0
]
=
1
|η(τ)|2
∑
m,n∈Z
q
p2L
2 q¯
p2R
2 ypL, (4.1)
where y = e2piiν . The left and right-moving momenta are given by
pL =
n
R
+
mR
2
, pR =
n
R
− mR
2
. (4.2)
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In the decompactification limit, R→∞, one finds
Z(τ, τ¯ , ν) =
R
|η(τ)|2
∫ ∞
−∞
dp (qq¯)
p2
2 yp =
R√
2τ2 |η(τ)|2
exp
[
−piν
2
2τ2
]
. (4.3)
In the above,
√
τ2 |η(τ)|2 is invariant under modular transformations. The anomalous trans-
formation factor of the Jacobi form arises from the exponential factor.
The Lagrangian for the JT¯ deformed free boson theory was computed in [26]. We consider
the expansion for the deformed partition sum (2.5). The first order correction is given by
(2.14). Substituting Z0 from (4.3), we have
Z1 =
piiν
2τ2
Z0. (4.4)
The above quantity transforms as a Jacobi form of weight (0,1) and holomorphic index 1, as
expected. Interestingly, all higher order corrections turn out to vanish and the µ̂-expansion
terminates, leading to the following closed form expression for the deformed partition sum:
Z(τ, τ¯ , ν|µ̂) = R√
2τ2 |η(τ)|2
(
1 +
piiµ̂ν
2τ2
)
exp
[
−piν
2
2τ2
]
. (4.5)
A few comments about this result:
1. One can check that (4.5) is an exact solution of the flow equation (3.1).
2. (4.5) vanishes when ipiµ̂ν + 2τ2 = 0. Note that this is the same value as that discussed
in point (3) in the previous section.
3. Any function F(τ, τ¯ , ν|µ̂) of the form
F(τ, τ¯ , ν|µ̂) = F (τ, τ¯)
(
1 +
piiµ̂ν
2τ2
)
exp
[
−pi
2
ν2
τ2
]
, (4.6)
for an arbitrary function F (τ, τ¯), is a solution to the flow equation (3.1).9 It would be
interesting to understand this freedom better.
4.2 Charged free fermion
Here we consider a free complex left-moving fermion (ψ, ψ∗) and its right-moving counterpart
(ψ¯, ψ¯∗). The central charge of the model is cL = cR = 1. The holomorphic current J is given
in this case by J = ψ∗ψ. Normalizing the fermions canonically, 〈ψ∗(z)ψ(w)〉 = 1/(z − w),
leads to k = 1 in (1.3).
9This expression with an arbitrary F (τ, τ¯ ) is a solution to the flow equation (3.1). However, for the full
partition sum to have the appropriate modular properties (1.4) we require F (τ, τ¯ ) to be modular invariant.
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After summing over spin structures, the charged partition sum takes the form
Z(τ, τ¯ , ν) =
∑
i=2,3,4
ϑi(ν|τ)
η(τ)
ϑi(0|τ¯)
η(τ¯)
. (4.7)
Using the S-modular transformation of the Jacobi ϑ-functions we have
Z(τ, τ¯ , ν) = e−
piiν2
τ Z(−1/τ,−1/τ¯ , ν/τ). (4.8)
We next consider the µ̂ expansion of the deformed partition sum (2.5). The first order
correction from (2.14) is
Z1 = τ2
∑
i
(
D
(1/2)
τ¯ ϑi(0|τ¯)
η(τ¯)
)(
D
(0)
ν ϑi(ν|τ)
η(τ)
)
. (4.9)
This has weight (0,1) and holomorphic index 1. Here, D
(r)
τ¯ is the Ramanujan-Serre derivative
[31] which preserves holomorphy and raises the weight r of a modular form by two units
D
(r)
τ¯ ≡ ∂τ¯ −
piir
6
E2(τ¯), (4.10)
and D
(n)
ν is given in (B.2).
The expressions for higher order corrections get progressively more complicated. However,
they can be expressed in terms of covariant modular derivatives which simplifies them to some
extent. This also facilitates an easy way to read off the modular weights and indices. The
second order correction is
Z2 =
∑
i
[
τ2
6
D
(1)
ν ϑi(ν|τ)
η(τ)
(
3τ2D
(5/2)
τ¯ D
(1/2)
τ ϑi(0|τ¯) + ipiτ2E˜2(τ¯)D(1/2)τ ϑi(0|τ¯)
)
η(τ¯)
− ipi
2
(
νD
(0)
ν θi(ν|τ) + θi(ν|τ)
)
η(τ)
D
(1/2)
τ ϑi(0|τ¯)
η(τ¯)
]
. (4.11)
As expected, the above quantity transforms as a Jacobi form of weight (0,2) and holomorphic
index 1. In the above formula, the shifted Eisenstein series E˜2(τ¯) is a non-holomorphic
modular form of weight (0,2), defined as E˜2(τ¯) ≡ E2(τ¯) + 3/(piτ2) [31].
5 Discussion
In the recent paper [1] we showed that modular invariance together with a qualitative
assumption about the spectrum of a two dimensional QFT determine uniquely the partition
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sum (and thus the spectrum) of the theory to be that of a T T¯ deformed CFT. The main
purpose of this note was to generalize the discussion to the case where the QFT contains a
holomorphic U(1) current J throughout its RG flow, and the qualitative assumption involves
the U(1) charges.
We showed that if such a theory can be defined on a torus, so that its partition sum with a
chemical potential for the charge Q associated with J is modular covariant, (1.4), and it has
the further property that the energies and charges of states in the deformed theory depend
only on the coupling, µ̂, and on the spectrum of the undeformed theory, the partition sum
and thus the spectrum of energies and charges of the deformed theory is uniquely determined
to be that of a µJT¯ deformed CFT, to all orders in µ̂ ∼ µ/R.
In the process, we derived a flow equation that governs the evolution of the partition sum
with the coupling µ̂, (3.1), and flow equations that determine the evolution of the energies
and charges of states with µ̂, (3.6), whose solution (3.7) agrees with that obtained by other
means in [26].
Studying the flow equation (3.1) non-perturbatively, we found ambiguities corresponding
to the contributions to the partition sum of states whose energies diverge as the coupling
µ̂→ 0.
In the tT T¯ case, the properties of the theory were found to be sensitive to the sign of the
coupling. For one sign (t > 0 in [1]), the energies of all states are real (on a large circle),
and the entropy interpolates between the Cardy entropy of a CFT and a Hagedorn entropy.
For t < 0, the energies of highly excited states are complex in the deformed theory, leading
to problems with unitarity. Non-perturbatively, the theory with t > 0 is well defined, while
that with t < 0 has non-perturbative ambiguities.
In µJT¯ deformed CFTs, the structure we found for both signs of the coupling µ̂ is similar
to that of a tT T¯ deformed CFT with negative t. The energies of highly excited states (3.7)
are complex, and non-perturbatively there are ambiguities. It is an interesting challenge to
understand all these theories better. Note that truncating the theory to keep only the real
energies is not consistent with modular invariance (and, thus, with a well-defined theory on
a torus). In the T T¯ case a specific suggestion for the UV completion of the theory, in terms
of a theory of Jackiw-Teitelboim gravity, appeared in [7, 16]; it would be interesting to find
a similar UV completion for the JT¯ deformed CFTs.
One of the motivations for studying JT¯ deformed CFT’s comes from holography. As in
the T T¯ case, there are two different holographic constructions that were considered in the
literature. One is the double trace deformation (identical to the large central charge limit of
the deformation we discuss in this paper), that was discussed in [28]; the conjectured dual
geometry is AdS3 with a modification of the boundary conditions that involves a combination
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of the metric and of the Chern-Simons gauge field dual to the U(1) current.10 As in the T T¯
case [1], it would be interesting to understand the status of states with complex energies, and
the non-perturbative ambiguities that we found, from the bulk point of view. We leave this
for future work.
The second holographic construction, discussed in [26, 27], corresponds to adding to the
Lagrangian of the CFT a certain dimension (1, 2) single trace operator, A(x, x¯), constructed
in [32]. This operator has the quantum numbers of JT¯ , but as explained in [32] it is different
from it. As reviewed in e.g. [26] (see also [1]), for some purposes one can think about the
boundary CFT corresponding to string theory on AdS3 as a symmetric product M
N/SN
[33, 34]. From the point of view of this theory, the operator A takes the form
∑N
i=1(JT¯ )i,
and the single trace deformation discussed in [26, 27] takes the symmetric product toMNµ̂ /SN ,
where Mµ̂ is a JT¯ deformed version of the block M .
From the bulk point of view, the single trace deformation takes AdS3 × S1 to a four
dimensional background that was described in [26, 27].11 This background is non-singular,
but it has closed timelike curves at large values of the radial coordinate, starting from a
radial position that depends on |µ̂| [35]. Dimensionally reducing it to three dimensions gives
rise to null warped AdS3 [36–38], a background that plays a role in various developments
related to the Kerr/CFT correspondence, three dimensional Schro¨dinger spacetimes, and
dipole backgrounds (see e.g. [39, 40] and references therein for reviews).
It is interesting to compare the properties of the boundary and bulk theories in the T T¯
and JT¯ cases. As discussed above, on the field theory side, many properties of JT¯ deformed
CFTs are analogous to those of a tT T¯ deformed CFT with negative t. In particular, the
energy spectrum becomes complex in the UV, and the partition sum has non-perturbative
ambiguities.
On the bulk side with single trace deformations, in the tT T¯ case the background has a
curvature singularity at a finite value of the radial coordinate, and closed timelike curves
beyond it. In the JT¯ case, there is no curvature singularity, but there are closed timelike
curves at large values of the radial coordinate [35]. Thus, it is natural to conjecture that
the complex energies and non-perturbative ambiguities mentioned above are related to the
closed timelike curves and not to the curvature singularity.
It would be interesting to understand this relation better, and in particular understand
whether the theory is well defined after all, despite the issues with unitarity, non-perturbative
ambiguities and closed timelike curves. One possible way to go about this is to further explore
10The results in [28] do not precisely agree with our results for the shifted energy levels and charges,
but a small change in the precise boundary conditions, that are in principle determined by the form of the
double-trace deformation, should cure this.
11The authors of [27] studied a concrete example, in which the S1 is embedded in an S3.
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the string theory formulation of the theory, as a current-current deformation of string theory
on AdS3 × S1 [26, 27]. We leave this too for future work.
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A A covariant derivative
In this appendix, we show that the differential operator
Dν ≡ ∂ν + kpiν
τ2
(A.1)
is modular covariant. Acting with Dν on a non-holomorphic Jacobi form of weight (n, n¯) and
holomorphic index k gives a Jacobi form of weight (n+ 1, n¯) and holomorphic index k.
Let us consider a Jacobi form Jn,n¯(τ, τ¯ , ν) of weight (n, n¯) and index k. Under modular
transformations, we have
Jn,n¯ (τ
′, τ¯ ′, ν ′) = e
ipickν2
cτ+d (cτ + d)n(cτ¯ + d)n¯ Jn,n¯(τ, τ¯ , ν), (A.2)
where
τ ′ =
aτ + b
cτ + d
, τ¯ ′ =
aτ¯ + b
cτ¯ + d
, ν ′ =
ν
cτ + d
. (A.3)
Acting with ∂ν on both sides of (A.2) and using the fact that ∂ν′ = (cτ + d)∂ν , we have
∂ν′Jn,n¯ (τ
′, τ¯ ′, ν ′) = e
ipickν2
cτ+d (cτ + d)n+1(cτ¯ + d)n¯ ∂νJn,n¯(τ, τ¯ , ν) (A.4)
+ 2piickν e
ipickν2
cτ+d (cτ + d)n(cτ¯ + d)n¯ Jn,n¯(τ, τ¯ , ν).
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Multiplying both sides of (A.2) by kpiν/τ2, and using the fact that ν = ν
′(cτ + d) as well as
τ2 = τ
′
2(cτ + d)(cτ¯ + d), we find that
kpiν ′
τ ′2
Jn,n¯ (τ
′, τ¯ ′, ν ′) = (cτ¯ + d)
kpiν
τ2
e
ipickν2
cτ+d (cτ + d)n(cτ¯ + d)n¯ Jn,n¯(τ, τ¯ , ν) (A.5)
=
kpiν
τ2
e
ipickν2
cτ+d (cτ + d)n+1(cτ¯ + d)n¯ Jn,n¯(τ, τ¯ , ν)
− 2piickν e ipickν
2
cτ+d (cτ + d)n(cτ¯ + d)n¯ Jn,n¯(τ, τ¯ , ν),
where in the second equality we used the fact that cτ + d = cτ¯ + d− 2icτ2. Taking the sum
of (A.4) and (A.5), we see that the terms that are not covariant cancel, and we are left with
Dν′Jn,n¯ (τ
′, τ¯ ′, ν ′) = e
ipickν2
cτ+d (cτ + d)n+1(cτ¯ + d)n¯DνJn,n¯(τ, τ¯ , ν), (A.6)
which means that DνJn,n¯(τ, τ¯ , ν) is a Jacobi form of weight (n + 1, n¯) and index k. This
completes the proof.
B Zp from a covariant ansatz
In order to find Zp, we write down an ansatz with the desired modular properties, (2.6), and
require it to be consistent with the general structure of the perturbative expansion, (2.10).
The leading term in 1/τ2 is fixed by (2.10), (2.14), to be
Zp =
τ p2
p!
D
(p)
ν D
(p)
τ¯ Z0 + · · · , (B.1)
where
D
(j)
ν ≡ Djν , D(j)τ¯ ≡
j−1∏
m=0
D
(2m)
τ¯ . (B.2)
The other terms have lower powers of τ2 and can be written in terms of D
(i)
ν , D
(j)
τ¯ with
0 ≤ i, j ≤ p. A term of the form D(i)ν D(j)τ¯ Z0 with particular i, j is multiplied by τa2 νb, such
that its contribution to Zp transforms as a Jacobi form of weight (0, p) and index k, (2.6).
Since τa2 ν
b
D
(i)
ν D
(j)
τ¯ has weight
(i− a− b, 2j − a), (B.3)
we have the constraint
i− a− b = 0, 2j − a = p. (B.4)
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The indices i, j satisfy the constraits 0 ≤ i, j ≤ p and 0 ≤ b ≤ p. This leads to
0 ≤ p+ i− 2j ≤ p. (B.5)
In addition, there are no terms with a = b = 0. Taking into account these constraints, we
can write down the ansatz for any p. The first few Zp take the form
Z1 = a1 τ2D
(1)
ν D
(1)
τ¯ Z0, (B.6)
Z2 =
(
b4 τ
2
2D
(2)
ν D
(2)
τ¯ + b3 ν
2
D
(2)
ν D
(1)
τ¯ + b2 νD
(1)
ν D
(1)
τ¯ + b1D
(1)
τ¯
)
Z0,
Z3 =
(
c7 τ
3
2D
(3)
ν D
(3)
τ¯ + c6 τ2ν
2
D
(3)
ν D
(2)
τ¯ + c5 τ2νD
(2)
ν D
(2)
τ¯ + c4 τ2D
(1)
ν D
(2)
τ¯
)
Z0
+
1
τ2
(
c3 ν
3
D
(2)
ν D
(1)
τ¯ + c2 ν
2
D
(1)
ν D
(1)
τ¯ + c1 νD
(1)
τ¯
)
Z0
To fix the constants ak, bk, ck we impose the conditions which stem from the structure of
the perturbative expansion. To be more explicit, we first expand the covariant derivatives
D
(j)
ν and D
(j)
τ¯ in terms of ∂ν and ∂τ¯ in the ansatz. Comparing with the structure of the
perturbative expansion, we impose the following conditions
• The coefficient of τ p2 ∂
p
ν∂
p
τ¯ is fixed to be 1/p!;
• The coefficients of the terms without τ2 and ν, namely ∂
n
ν ∂
m
τ¯ are zero;
• The coefficients of terms with negative powers of τ2, i.e. terms of the form τ
−n
2 ν
m∂iν∂
j
τ¯
with n > 0, vanish.
We find that these conditions are powerful enough to fix Zp completely at any given order.
The solutions for the first few orders are given by
Z1 =
(
τ2D
(1)
ν D
(1)
τ¯
)
Z0, (B.7)
Z2 =
(
1
2
τ 22D
(2)
ν D
(2)
τ¯ −
ipi
2
νD(1)ν D
(1)
τ¯ −
ipi
2
D
(1)
τ¯
)
Z0,
Z3 =
(
1
6
τ 32D
(3)
ν D
(3)
τ¯ −
ipi
2
τ2νD
(2)
ν D
(2)
τ¯ −
3ipi
4
τ2D
(1)
ν D
(2)
τ¯ −
pi2
4τ2
ν2D(1)ν D
(1)
τ¯ −
pi2
2τ2
νD
(1)
τ¯
)
Z0.
References
[1] O. Aharony, S. Datta, A. Giveon, Y. Jiang, and D. Kutasov, Modular invariance and
uniqueness of T T¯ deformed CFT, arXiv:1808.02492 [hep-th].
19
[2] A. B. Zamolodchikov, Expectation value of composite field T anti-T in two-dimensional
quantum field theory, arXiv:hep-th/0401146 [hep-th].
[3] F. A. Smirnov and A. B. Zamolodchikov, On space of integrable quantum field theories,
Nucl. Phys. B915 (2017) 363–383, arXiv:1608.05499 [hep-th].
[4] A. Cavaglia`, S. Negro, I. M. Sze´cse´nyi, and R. Tateo, T T¯ -deformed 2D Quantum Field
Theories, JHEP 10 (2016) 112, arXiv:1608.05534 [hep-th].
[5] L. McGough, M. Mezei, and H. Verlinde, Moving the CFT into the bulk with TT ,
JHEP 04 (2018) 010, arXiv:1611.03470 [hep-th].
[6] A. Giveon, N. Itzhaki, and D. Kutasov, TT and LST, JHEP 07 (2017) 122,
arXiv:1701.05576 [hep-th].
[7] S. Dubovsky, V. Gorbenko, and M. Mirbabayi, Asymptotic fragility, near AdS2
holography and TT , JHEP 09 (2017) 136, arXiv:1706.06604 [hep-th].
[8] A. Giveon, N. Itzhaki, and D. Kutasov, A solvable irrelevant deformation of AdS3/CFT2,
JHEP 12 (2017) 155, arXiv:1707.05800 [hep-th].
[9] V. Shyam, Background independent holographic dual to T T¯ deformed CFT with large
central charge in 2 dimensions, JHEP 10 (2017) 108, arXiv:1707.08118 [hep-th].
[10] M. Asrat, A. Giveon, N. Itzhaki, and D. Kutasov, Holography Beyond AdS,
arXiv:1711.02690 [hep-th].
[11] G. Giribet, T T¯ -deformations, AdS/CFT and correlation functions, JHEP 02 (2018) 114,
arXiv:1711.02716 [hep-th].
[12] P. Kraus, J. Liu, and D. Marolf, Cutoff AdS3 versus the TT deformation,
JHEP 07 (2018) 027, arXiv:1801.02714 [hep-th].
[13] J. Cardy, The TT deformation of quantum field theory as a stochastic process,
arXiv:1801.06895 [hep-th].
[14] W. Cottrell and A. Hashimoto, Comments on T T¯ double trace deformations and
boundary conditions, arXiv:1801.09708 [hep-th].
[15] O. Aharony and T. Vaknin, The TT* deformation at large central charge,
arXiv:1803.00100 [hep-th].
[16] S. Dubovsky, V. Gorbenko, and G. Herna´ndez-Chifflet, T T¯ Partition Function from
Topological Gravity, arXiv:1805.07386 [hep-th].
20
[17] M. Taylor, TT deformations in general dimensions, arXiv:1805.10287 [hep-th].
[18] G. Bonelli, N. Doroud, and M. Zhu, T T¯ -deformations in closed form,
arXiv:1804.10967 [hep-th].
[19] S. Datta and Y. Jiang, T T¯ deformed partition functions, JHEP 08 (2018) 106,
arXiv:1806.07426 [hep-th].
[20] W. Donnelly and V. Shyam, Entanglement entropy and TT deformation,
arXiv:1806.07444 [hep-th].
[21] J. P. Babaro, V. F. Foit, G. Giribet, and M. Leoni, T T¯ type deformation in the presence
of a boundary, arXiv:1806.10713 [hep-th].
[22] R. Conti, L. Iannella, S. Negro, and R. Tateo, Generalised Born-Infeld models, Lax
operators and the TT¯ perturbation, arXiv:1806.11515 [hep-th].
[23] S. Chakraborty, A. Giveon, N. Itzhaki, and D. Kutasov, Entanglement Beyond AdS,
arXiv:1805.06286 [hep-th].
[24] B. Chen, L. Chen, and P.-x. Hao, Entanglement Entropy in TT -Deformed CFT,
arXiv:1807.08293 [hep-th].
[25] M. Guica, An integrable Lorentz-breaking deformation of two-dimensional CFTs,
arXiv:1710.08415 [hep-th].
[26] S. Chakraborty, A. Giveon, and D. Kutasov, JT¯ deformed CFT2 and String Theory,
arXiv:1806.09667 [hep-th].
[27] L. Apolo and W. Song, Strings on warped AdS3 via T J¯ deformations,
arXiv:1806.10127 [hep-th].
[28] A. Bzowski and M. Guica, The holographic interpretation of JT¯ -deformed CFTs,
arXiv:1803.09753 [hep-th].
[29] D. Kutasov and A. Schwimmer, Universality in two-dimensional gauge theory,
Nucl. Phys. B442 (1995) 447–460, arXiv:hep-th/9501024 [hep-th].
[30] R. Dijkgraaf, Chiral deformations of conformal field theories,
Nucl. Phys. B493 (1997) 588–612, arXiv:hep-th/9609022 [hep-th].
[31] J. H. Bruinier, G. van der Geer, G. Harder, and D. Zagier, The 1-2-3 of modular forms:
lectures at a summer school in nordfjordeid, norway, . Springer Science & Business
Media, 2008.
21
[32] D. Kutasov and N. Seiberg, More comments on string theory on AdS(3),
JHEP 04 (1999) 008, arXiv:hep-th/9903219 [hep-th].
[33] R. Argurio, A. Giveon, and A. Shomer, Superstrings on AdS(3) and symmetric products,
JHEP 12 (2000) 003, arXiv:hep-th/0009242 [hep-th].
[34] A. Giveon, D. Kutasov, E. Rabinovici, and A. Sever, Phases of quantum
gravity in AdS(3) and linear dilaton backgrounds, Nucl. Phys. B719 (2005) 3–34,
arXiv:hep-th/0503121 [hep-th].
[35] W. Song and A. Strominger, Warped AdS3/Dipole-CFT Duality, JHEP 05 (2012) 120,
arXiv:1109.0544 [hep-th].
[36] D. Israel, C. Kounnas, D. Orlando, and P. M. Petropoulos, Electric/magnetic defor-
mations of S**3 and AdS(3), and geometric cosets, Fortsch. Phys. 53 (2005) 73–104,
arXiv:hep-th/0405213 [hep-th].
[37] S. Detournay, D. Orlando, P. M. Petropoulos, and P. Spindel, Three-
dimensional black holes from deformed anti-de Sitter, JHEP 07 (2005) 072,
arXiv:hep-th/0504231 [hep-th].
[38] T. Azeyanagi, D. M. Hofman, W. Song, and A. Strominger, The Spectrum of Strings on
Warped AdS3 x S3, JHEP 04 (2013) 078, arXiv:1207.5050 [hep-th].
[39] G. Compe`re, The Kerr/CFT correspondence and its extensions,
Living Rev. Rel. 15 (2012) 11, arXiv:1203.3561 [hep-th]. [Living Rev.
Rel.20,no.1,1(2017)].
[40] S. El-Showk and M. Guica, Kerr/CFT, dipole theories and nonrelativistic CFTs,
JHEP 12 (2012) 009, arXiv:1108.6091 [hep-th].
22
